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Abstract 

I consider a hybrid cosmological model with a classical gravitational field and a quantized massive 
scalar field in spherically symmetric gravity. The interaction between classical and quantum fields 
is described using the formalism of ensembles on configuration space, an approach that provides 
an alternative to semiclassical gravity. After giving an outline of the formulation as it applies 
to spherically symmetric gravity, I discuss a particular solution that is analogous to the Einstein 
universe of classical relativity. 
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I. INTRODUCTION 



There are a few good reasons to consider hybrid systems in which the gravitational field 
remains classical while matter is assumed to consist of quantum fields. A full theory of quan- 
tum gravity is not yet available, and an approximation in which spacetime remains classical 
while matter is described in terms of quantum fields is often physically and computationally 
appropriate. Furthermore, since the quantization of gravity does not appear to follow from 
consistency arguments alone it is of interest to investigate to what extent a hybrid sys- 
tem may provide a consistent, satisfactory description of matter and gravitation. The study 
of such systems can provide valuable clues that may help in the search for a full quantum 
theory of gravity. Finally, one must also consider the possibility that the gravitational field 
may not be quantum in nature For example, Butterfield and Isham, while putting 

forward the point of view that some type of theory of quantum gravity should be sought, 
have concluded that there is arguably no definitive proof that general relativity has to be 
quantized [sf. Dyson has argued that it might be impossible in principle to observe the exis- 
tence of individual gravitons, and this has lead him to the conjecture that "the gravitational 
field described by Einstein's theory of general relativity is a purely classical field without any 
quantum behaviour" . His observations regarding the irnpossibility of detecting gravitons 
have been confirmed recently by detailed calculations 0, S]. If Dyson's conjecture is true, 
hybrid models become unavoidable. 

In the standard approach used for coupling quantum fields to a classical gravitational field 
(i.e., semiclassical gravity), the energy momentum tensor that serves as the source in the 
Einstein equations is replaced by the expectation value of the energy momentum operator 
Tf^i, with respect to some quantum state 

'R^.u - lg,u + Xg,u = ^ (^| f,, \^) 

where ^Rfj,u is the curvature tensor, the curvature scalar and g^u the metric tensor in 
spacetime, A is the cosmological constant and n = IGttG (in units where c = 1) where 
G is the gravitational constant. This approach, however, presents a number of well known 
difficulties. An alternative to semiclassical gravity is provided by the formalism of ensembles 
on configuration space |9|. The formalism can be apphed to both quantum and classical 
systems and allows a general and consistent description of interactions between them. When 
applied to standard quantum mechanics, it can be shown that the approach overcomes 
difficulties arising in previous attempts; in particular, the correct equations of motion for 
the quantum and classical sectors are recovered in the limit of no interaction, conservation 
of probabihty and energy are satisfied, uncertainty relations hold for conjugate quantum 
variables, and the formalism allows a back reaction of the quantum system on the classical 



system [10|, lUl . The approach can be generalized to describe the coupling of a quantized 
field to a classical gravitational field; it is therefore an appropriate formalism to use if one 
wants to investigate hybrid cosmological models. 

In the next section, I describe the coupling of a quantized scalar field to a classical 
gravitational field using ensembles on configuration space. I then consider midisuperspace 
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cosmological models in spherically symmetric gravity and derive a particular solution which 
describes a static universe. In the last section, I summarize the results and give conclusions. 



II. EQUATIONS FOR A QUANTIZED SCALAR FIELD INTERACTING WITH 
A CLASSICAL METRIC FIELD 



In the formalism of ensembles on configuration, the state of a system is described in 
terms of a probability density P together with its canonically conjugate variable 5* and 
the equations of motion are derived from an ensemble Hamiltonian. I first illustrate the 
approach for the case of vacuum gravity 12|, [iSl, [ij] and then discuss the formulation for 



hybrid systems. The most direct way of introducing a classical configuration space ensemble 
for gravity is to start from the Einstein-Hamilton- Jacobi equation, which in the metric 



representation takes the form 15 



7Y/i = 



5S 6S 



ijkl 



6hij 6hki K 



-Vh{R-2\) = 0, 



(1) 



where R is the curvature scalar and hki the metric tensor on a three-dimensional spatial 
hypersurface, and Gijki = {2h) {hikhji + huhjt — hijhki) is the DeWitt supermetric. The 
functional S is assumed to be invariant under the gauge group of spatial coordinate trans- 
formations, which is equivalent to satisfying the momentum constraints of the canonical 
formulation of general relativity. Eq. ([1]) corresponds to an infinity of constraints, one at 
each point. It is possible to introduce an alternative viewpoint 16|, llTI] in which Eq. ([1]) is 
regarded as an equation to be integrated with respect to a "test function" in which case we 
are dealing with one equation for each choice of lapse function A^, 



d^x NHh = 0; 



(2) 



i.e. for each choice of foliation. Such an alternative viewpoint is extremely useful: although it 
may be impossible to find the general solution (which requires solving the Einstein-Hamilton- 
Jacobi equation for all choices of lapse functions), it may be possible to find particular 
solutions for specific choices; for example, the choice 5' ~ J d^x \/h is a particular solution 
that describes de Sitter spacetime in a flat fohation (l7| . 

An appropriate ensemble Hamiltonian for vacuum gravity is given by 



d^x / Dh P NHh 



(3) 



(technical issues are discussed in more detail in IJ]). The functional P is also assumed to be 
invariant under the gauge group of spatial coordinate transformations. The corresponding 
equations have the form 

dP _ SHh dS _ _SHh 

'dt~~6S~' 'dt~~~6P 
where 6/6F denotes the variational derivative with respect to the functional F 12|. As- 
suming the constraints §f = ^ = 0, these equations lead to Eq. ([2]), as required, and to a 
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continuity equation, 



(fxN 



Shij 



PG 



5S 



ijkl 



Sh 



kl 



0. 



(4) 



These two equations define an ensemble on configuration space for the case of vacuum 
gravity. 

A hybrid system where a quantum^calar field couples to the classical metric h^i requires 
a generalization of Eq. ^ in which 



H. 



<t>h 



d^x / DhPN[n^h + F^] 



(5) 



where 



'H^h — "Hh + 



1 f5S\ 



2v^ \S(j)J 



'l^i^ d(f) d(f) 
2 dx^ dx^ 



is the ensemble Hamiltonian for gravity with a classical scalar field and 



1 f 6\ogP \ 



is an additional, non-classical kinetic energy term. Assuming again the constraints ^ 



^ = 0, the coresponding equations are given by 



/ 



d^xN 



<f>h 



2^/h \A6(P^ 



where A = VP, and a continuity equation that is identical to Eq. 



III. HYBRID COSMOLOGICAL MODEL IN SPHERICALLY SYMMETRIC 
GRAVITY 

A. Equations 

I consider a midisuperspace hybrid cosmological model in spherically symmetric gravity. 
In the case of spherical symmetry, the line element may be written in the form 

g^^dx^dx'' = -N^dt^ + {dr + N^'dtf + R^dQ\ (6) 

The lapse function and the shift function A^*" are functions of the radial coordinate r 
and the time coordinate t. The configuration space for the gravitational field consists of 
two fields, R and A. Under transformations of r, R behaves as a scalar and A as a scalar 
density. Spherically symmetric gravity is discussed in detail in a number of papers, mostly 
in reference to the canonical quantization of black hole spacetimes. For discussions using 



the metric representation, see for example 18|, ll9|, |20|. For discussions of the Einstein- 



Hamilton- Jacobi equation in the context of the WKB approximation of quantized spherically 
symmetric gravity, see for example 



21 



22 
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I now set h = c = G = 1. The Einstein-Hamilton- Jacobi equation for the case of a 
vacuum gravity takes the form 



H 



AR 



1 6S6S lA f6S\' AR^ 

+ X—— + V = 



R6R6A 2i?2 \SA 



where S is assumed to be invariant under diffeomorphisms. V is related to the curvature 
scalar by '^R = —4 AR^ V, and is given by 



V 



RR" 



RR'A' A 
A2 ^ 2A ~ 2" 



(7) 



where primes indicate derivatives with respect to r. 

The ensemble Hamiltonian of a hybrid system where the matter is in the form of a 
minimally coupled quantized radially symmetric scalar field of mass m is given by 



where 



and 



H^AR = j dr j DhPN[n^AR + F^] 



51ogP 



(8) 



8A/22 \^ 50 

Eq. ([8]) is the analogous of Eq. ([5]) for the case of spherically symmetric gravity. Assuming 

dS ^ dP 
dt at 

1 /I 6^ A' 



again the constraints ^ = ^ = 0, the corresponding equations are 



drN 



0, 



2Ai?2 V A 54)^ 
where A = P^/^^ ^^d the continuity equation 

drN Afpl^V-fP---P--V-fp^- 
6R\ R6A 6A\ R6R R^ 6A 66 \ AR^ 66 



(9) 



0. (10) 



B. A particular solution 



I now discuss a particular solution of these equations. I am interested in a hybrid cosmo- 
logical model where the metric is that of a closed Friedmann universe. For computational 
reasons, it will be useful to consider the coordinate system given by 

N = 1, N'' = 0, A = ao, R = ao sin r, (11) 

where the line element is of the form of Eq. ([6]) with with r G [0, 2tt). This metric describes a 
closed Friedmann universe with scale factor qq. The particular solution that I will consider 
is one that describes a Friedmann universe in a foliation of spaces of constant positive 
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curvature. The advantage of such a choice of fohation is that it leads to a potential term, 
Eq. ([7]), which simplifies to 

_1R2 _ _3aosin^ 
^ " 2A " 2 • ^^"^^ 

where the second equality is only valid for the particular coordinate conditions described by 
Eqs. (mi). 

Even with the assumption of a foliation of spaces of constant positive curvature, a solution 
of equations Eqs. ([9]) and (fTOl) remains difficult. To solve these equations, I consider an ansatz 
of the form 

S [R, A, 0] = 0, P [R, A, 0] = P [0 I R, A] P [R, A] 

with 



P^/^ [0|P,A] = A(o) =Cexp 




dydz sin^ y sin^ z (f)yK, 



Ky^, and 



where C is a normalization factor, the kernel K^y is real and symmetric, K^y 
the notation P[A | P] denotes a conditional probability. 

This is a very special solution: since Eq. ffTOl) is linear in S, the choice 5 = solves 
this equation independent of the form of A. From a physical point of view, this assump- 
tion corresponds to selecting a static solution (see the discussion in the Appendix). With 
this choice of S, the functional ^4(0) obeys a functional Schrodinger equation in a space of 
constant curvature, as shown below. The form of A(o) chosen here is that of a ground state 
Gaussian functional. Instead of ^(o)? one may also consider the excited states which solve 
the functional Schrodinger equation; I discuss the consequences of making this alternative 
choice at the end of this section. 

If I calculate the second functional derivative of ^(o)? I get an expression of the form 



1 



(0) 



-2aQ sin'' r Krr + 4ag^ sin"* r 



A 



(0) 




dydz sin^y siia^ z (pyKyrKrzYz- 



(13) 



To solve these equations, I will choose a lapse function N which is constant. Combining 
Eqs. ([9]), ( |T2i) and ( |T3i) and collecting terms that have the same powers of 0, I get the two 
equations 



and 



dr sin r 



2 ^ 



dr sin^ r 



2 ) ~^ ^Q-^rr 



0, 



2aQ j j dydz sin^ y sin^ 2; (pyKyrKr 



0. 



(14) 



(15) 



After an integration by parts in Eq. f|T5l) . the equations are of a type that is standard in 
the context of the Schrodinger functional representation of quantum field theory in curved 
spacetimes 



231 . |2J, |25|, 126| . I solve this functional Schrodinger equation in two steps 



I first consider Eq. f|T5l) . The solution of the kernel K^y is given by 26 
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where the basis functions ■j/'r"-' are solutions of a Schrodinger-type equation in a space of 
constant curvature, 



1 9 / . 2 ^V^r"^ \ , 2 2 ,(n) , 



sin r dr \ dr 

The ipni'r) satisfy orthonormahty and completeness relations. The eigenvalues jn are given 
by 

7„ = ra^ — 1 + m^ag, ?7,= 1,2,3... . 



C. Renormalization 



Given a solution of Eq. (ITBl) . one can use Eq. f[T^ to express Oq in terms of the cosmological 



constant and the energy Eq of the quantized scalar field, since [26 

r 

Eq al / dr sin^ r Krr- 



However, J dr siia^ r Krr ~ S„7ra) which diverges. This is a consequence of the infinite 
zero-point energy of the quantum field. It is necessary to use a renormalization procedure 
to extract a finite result. 

In this particular case, the equation for yl(o) is similar in form to a functional Schrodinger 
equation for a quantum scalar field in an Einstein universe, so it is possible to use previous 
results from the literature where renormalization procedures have been carried out for this 
problem (for a thorough analysis, see reference |27|). Note that this is not the generic case: 
since the equations of hybrid cosmology are not linear, in general they will not map to a 
Schrodinger-type functional equation. The simplification that is achieved here is a direct 
consequence of choosing S = and a foliation of spaces of constant positive curvature. With 
a different ansatz, the equations can not be solved in this way. 

A detailed study of this solution will be the subject of a future publication. In this note, 
I will only make a few remarks concerning some qualitative aspects. Renormalization leads 



to a finite expression for the energy E'q^" that has the functional form 27 



^o"" ~ — a(mao) 
ao 

where the function a depends on the dimensionless quantity mao in a complicated way. 
Using the renormalized value in Eq. (fT4l) and rescaling a by a constant factor leads to 

Aoq — Soq + a^mao) = 0. 

In the case m = 0, a is constant and takes a negative value. Then, the equation has one 
real solution, 

«o = ^ (3 + V9 + 4AI 
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The case m 7^ is much more comphcated because a is no longer a constant. There are 
values of m with a > 0, in which case it is possible to find solutions with A = and 
oo = \/a/3. The classical Einstein universe requires fine-tuning A to get a static solution 
and it is therefore not stable. However, it is not clear whether there are stable solutions 
among these static habrid cosmological models which do not require a cosmological constant. 

A similar analysis may be carried out where the ground state functional y4(o) is replaced by 
an excited state. Consider a first excited state specified by the eigenfunction ■j/'r"''- This 
state will differ in energy from the (divergent) ground state energy by a finite amount AE{n) 



which depends on the value of 7„, with AE{n) = ^/t^ [26|. AE{n) can only take discrete 
values because 7„ is quantized, and this means that Oq will also be restricted to discrete 
values. Therefore, the coupling of the quantum scalar field and classical gravitational field 
appears to lead to the quantization of the radius of the universe. 



IV. CONCLUDING REMARKS 

I give a brief summary of the main results. A description of a hybrid cosmological model 
consisting of a classical gravitational field and a quantized massive scalar field has been 
given using the formalism of ensembles on configuration space. For the case of spherically 
symmetric gravity, a particular static solution was found that is analogous to the Einstein 
universe of classical relativity. 

The hybrid cosmological model examined here was previously considered in reference jof, 
but only within the minisuperspace approximation. One of the aims of the present work 
was to reexamine this model using the next level of approximation; i.e., in the context of a 
midisuperspace formulation like spherically symmetric gravity. The conclusion is that the 
space of solutions is very rich by comparison. This is a consequence of the renormalization 
procedure that needs to be carried out to achieve a finite result. This complexity is absent 
from the minisuperspace solution. A common feature of both levels of approximation is 
that the coupling of the quantum scalar field and classical gravitational field leads to the 
quantization of the radius of the universe, a remarkable result. It would be interesting to 
know whether this is a generic feature of hybrid closed cosmological models or whether this 
is a feature that is particular to the solution considered here. In the minisuperspace solution, 
it is clear that a singular solution with a = is excluded; the situation is more complicated 
in the case of the midisuperspace solution and it appears that a = is possible for some 
values of the mass m. 

In the Einstein universe of classical relativity, the cosmological constant acts as a repul- 
sive force which balances the gravitational attraction of matter; it is essential to include it 
in order to achieve a static solution. The Einstein universe is therefore unstable. In the 
minisuperspace solution considered here, it is possible to achieve a static solution with a 
vanishing cosmological constant for some values of the mass m and it would appear that 
quantum fiuctuations are sufficient to balance the gravitational attraction and provide equi- 
librium under some circumstances. It is not clear however whether such solutions are stable 
under perturbation. 

Finally, it is worth pointing out that there is a natural, well defined intrinsic concept 
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of time in this formulation that can be used to evolve the fields through a given choice of 
foliation, as shown in the Appendix. This is a consequence of keeping the gravitational field 
classical, and it leads to rate equations for the fields that agree with those derived using the 
Hamilton- Jacobi formulation of classical relativity. 
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APPENDIX: CONTINUITY EQUATION AND RATE EQUATIONS 

The purpose of this appendix is to point out that the interpretation of the equation 



dhij \ bhki 



as a continuity equation leads to a rate equation that relates and This follows 

from the observation that such an interpretation is only possible if the "field velocity" 
is related to Gijki-^^ in a linear fashion. The most general rate equation for the metric hij 
that is consistent with such a linear relationship is of the form 

Shij = ( -fGijkijT— + S^hij ) St (A.l) 



kl 



where 7 is an arbitrary function. I have include in Eq. (lA.ip a term S^hj^i = — [D/^ei + Die^) 
which allows for gauge transformations of hki, which is permitted because the gauge trans- 
formations are assumed to leave J DhP invariant. 

Eq. flA.ip agrees with the usual rate equations [28] provided we identify 7 with the lapse 



function and with the negative of the shift vector A^^. In particular, if the shift vector 

is set to zero and 4^ = 0, it follows that = and we are dealing with a static metric. 

ohki ' at >^ 

A similar result holds in the case of matter fields (classical or quantum) interacting with 
a classical metric field. This shows that there is a natural, well defined intrinsic concept of 
time that can be used to evolve the fields through a given choice of foliation. 
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